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. Abstract. The input and output algebras of an infinite qubit system and their representations are 

O ' described. 
(N 

> 

O ■ Let Q be the two-dimensional complex space equipped with the standard positive non- 

^ • degenerate Hermitian form (.|.)2- Let M2 be the algebra of complex 2 x 2-matrices seen as a 

m 

C*-algebra. A system of m qubits is usually described by the Hilbert space = ®Q and 

m 

the C*-algebra Am = (8> M2, which coincides with the algebra B{Em) of bounded operators in 
^ ■ Em- We straightforwardly generalize this description to an infinite set S of qubits by analogy 
O ■ with a spin lattice [1]. Its algebra As admits non-equivalent irreducible representations. If 
S = Z+, there is one-to-one correspondence between the representations of ^5 and those of 
an algebra of canonical commutation relations. 

Given a system of m qubits, one also considers an algebra of complex functions on the set 

_ m 

O I X Z2. It is regarded as the output algebra of a qubit system, while Am is the input one [2]. 

There is a natural monomorphism of this algebra to Am- Using the technique of groupoids 

[3], we enlarge this algebra and generalize it to infinite qubit systems. 

^ . We start from the input algebra, and follow the construction of infinite tensor products 

c3 I of Hilbert spaces and C*-algebras in [1]. Let {Qg, s E S} he a set of two-dimensional Hilbert 

Sh' spaces Qg = C^. Let x Eg be the complex vector space whose elements are finite linear 
^ ' s 

combinations of elements {qg} of the Cartesian product HQs of the sets Qg- The tensor 

^ ' product (g) Qg of complex vector spaces Qg is the quotient of x Qg with respect to the vector 

s s 
5^ I subspace generated by the elements of the form: 

• {Qs} + {Qs} — {g's} , where Qr + Qr = q" for some element r E S and qg = q'g = q'g for all 
the others, 

• ~ '^{'ls}y A G C, where = Wr fo^ some element r G S' and qg = q'g for all the 
others. 

Given an element 9 = {9g} E YlQg such that all 6g 7^ 0, let us denote <^^Qg the subspace of 

s 

® Qg spanned by the vectors ®qg where qg 7^ 9g only for a finite number of elements s E S. 
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It is called the ^-tensor product of vector spaces Qs, s E S. Let us choose a family 6 = {Og} 
of normalized elements Og G Qs, i.e., all |^5.| = 1. Then ®^Qs is a pre-Hilbert space with 
respect to the positive non-degenerate Hermitian form 

:= ]l{qs\q's)2. 

s€S 

Its completion Qg is a Hilbert space whose orthonormal basis consists of the elements = 
<S>qs, r & S, i — 1,2, such that Qg-^r = Qs and Qr = Ci, where {ej} is an orthonormal basis for 
Q. 

Let now {As,s E S*} be a set of unital C*-algebras Ag — M2. These algebras are provided 
with the operator norms 

||«|| = (AoAo + AlAl + A2A2 + A3A3)^/^ a = iAol + ^^^(7'' 

1=1,2,3 

where a* are the Pauli matrices. Given the family {Is}, let us construct the {ls}-tensor 
product ^Ag of vector spaces Ag. It is a normed involutive algebra with respect to the 
operations 

((^oJ((^a'J = 0(oX), {^ag)* = ^al 

and the norm 

II ® <^s\\ = n ii^^ii- 

s 

Its completion As is a C*-algebra. Then the following holds [1] . 

Proposition 1. Given a family 9 = {9g} of normalized elements 6g G Qs, the natural 
representation of the involutive algebra ^Ag in the prc-Hilbert space (E)^Qg is extended to 
the representation of the C*-algebra ^4^ in the Hilbert space Qg such that As = B{Qg) is 
the algebra of all bounded operators in Q^. 

Proposition 2. Given two families 9 = {9g} and 9' = {9'^} of normalized elements, the 
representations of the C*-algebra As in the Hilbert spaces Qs and Qs are equivalent iff 

5: 11(^,1^^1 -1|< 00. 
seS 

For instance, if 5* = Z*^, we come to a spin lattice. 

If is a countable set, let us consider its bijection onto Z"*" = {1, 2, . . .}. Let us denote 
by (7*, r G Z"*", the element <S>as G As such that ar — a^, ag^r — 1- Then the elements 

= ^^1 ■■■C^s-l(c^s ±«f^s) 
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make up the algebra Qs of canonical anticommutation relations. The following holds [1]. 

Proposition 3. There is one-to-one correspondence between the representations tt of the 
C*-algebra As oi a countable qubit system and those n° of the CAR algebra ^5, where 
TT° is the restriction of n to G{S) C As- Furthermore, a representation n is cyclic (resp. 
irreducible) iff tt" is cyclic (resp. irreducible). Representations tt and tt' of As are equivalent 
iff its restrictions and ir'" to Qs are equivalent representations of Qs- 

Turn now to the output algebra. One can associate to a system of qubits {Qs,s e S} 
the following groupoid. Let Z2 — {1, p : — 1} he the smallest Coxeter group. Let us 
consider the set X = of Z2-valued functions on 5". It is a set 2"^ of all subsets of 5", and 
it can be brought into a Boolean algebra. Let G C X be a subset of functions which equal 
p e Z2 at most finitely many points of S. Both X and G are commutative Coxeter groups 
with respect to the pointwise multiplication. Given the action of G on X on the right, the 
product <3 — X X G can be brought into the action groupoid [3] , where: 

• a pair {{x,g), {x',g')) is composable iff x' = xg, 

• the inversion {x,g)~^ :— {xg,g~^), 

• the partial multiplication {x, g){xg, g') — {x,gg'), 

• the range r : {x,g) {x, g){x, g)~^ = (x, 1), 

• the domain I : {x,g) ^ {x, g)~^{x, g) — {xg, 1). 

The unit space 0° — r(0) = /(0) of this groupoid is naturally identified with X. Given 
elements x,y E 6°, let us denote the r-fibre <3^ — r~^{x), the /-fibre (5y — l~^{y), and 

Since G acts freely on X, the action groupoid (5 is principal, i.e., the map (r, /) : lJ5 — > 
(go ^ 00 jg injection. Provided with the discrete topology, X is a locally compact space. 
Then 6 is a locally compact groupoid. Since 6*^ C <25 is obviously an open subset, 6 is an 
r-discrete groupoid. 

Note that the action groupoid is isomorphic to the following one. Let us say that 
functions x,y E X are equivalent {x ~ y) iff they differ at most finitely many points of 5'. 
Let 0' C X X X be the graphic of this equivalence relation, i.e., it consists of pairs (x, y) of 
equivalent functions. One can provide 0' with the following groupoid structure [3] : 

• a pair {{x,y), {y', z)) is composable iS y = y', 

• (x,y)-^ := (y,x), 

• {x,y){y,z) = {x,z), 
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• r:{x,y)^ {x,x), I : {x,y) ^ {y,y). 

The unit space 0'° of this groupoid is naturally identified with X. The isomorphism of 
groupoids and 0' is given by the assignment 3 {x, g) i— > {x, xg) e 0'. In particular, 
0^ ^ iff X ~ 

Let /C(0, C) be the space of complex functions on of compact support provided with 
the inductive limit topology. Since is a discrete space, any function on 6 is continuous. 
A left Haar system for the groupoid (5 is a family of measures {fi^, x e X} on (& indexed 
by points of the unit space (£>^ — X such that: 

• the support of the measure fix is 6^, 

• for any (x, ^r) G and any / e A^(0, C), we have 

j fi.{x, g){y, g'))dixxgi{y, g')) = j fiiy,9'))di^x{iy,g'))- 

A left Haar system for the action groupoid exists. It is given by the measures /ix — A*G, 
where Sx is the Dirac measure on X with support at x e X and /iq is the left Haar measure 
on the locally compact group G. We have 

/ fiiy,g))dfj^xiiy,g)) = / fiix,g))diiGig) = ^/((x,^)), 

geG 

where the sum is finite since / G /C((5, C) are of compact support. 

With a left Haar system, the space /C(0, C) is brought into an involutive algebra as follows 
[3]. Since the C/(l)-extension of G is trivial up to equivalence, the algebraic operations in 
/C(0,C) read 

{f*mx,g)) = j:fii^^99'))f'{xgg'-\g'-'), (1) 
g'eG 

n{x,g))^mx,g)-^). (2) 
This algebra can be provided with the norm 

11/11 =max( sup ^|/(a:,i/)|, sup Y.\fi^9, 9'^)])- (3) 

X g ^ g 

In particular, let us consider a subspace Aq C /C((S,C) of functions f{{x,g)) — f{g) 
independent of x e X. The algebraic operations (1) - (2) on these functions read 

(/ * f')i9) = E fi99')fi9'-'), rig) = 7{r^) = W)- 

g'eG 
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Thus, Ag is exactly the group algebra of the locally compact group G provided with the 
norm 

11/11 = E 1/(^)1- 

9 

There is the monomorphism of this algebra to the algebra ^Ag as follows. Let us assign to 
each element g E G the element g = ^ttg G ^Ag, where = 1 if g{s) = 1 and — if 
g{s) = p. Then the above mentioned monomorphism is given by the association 

9 

Thus, one can think of Aq and, consequently, /C(0, C) as being a generalization of the output 
algebra in [2]. 

The monomorphism Ac — > ^Ag provides the representations of the involutive algebra 
Ag in Hilbert spaces Qg. One can construct representations of the whole algebra /C(6,C) 
as follows. 

Given the Hilbert space Q^, let us consider the product € = X x Qg seen as a group 
bundle in the Abelian groups Qg over X. It is a groupoid such that 

• a pair ((x, v), {x', v')), x, x' e X, v, v' e Qg, is composable iff x' — x, 

• {x, v)~^ := {x, —v), 

• {x,v){x,v') = {x,v + v') , 

• r{{x^v)) — l{{x,v)) — X. 

Its unit space is X, and its fibres are isomorphic to Q%. Let Iso € denote the set of all 
isomorphisms 7^ : — > 6^,, x^y G This set possesses the natural groupoid structure 
such that: 

• a pair (7^,7^/) is composable SS. x' — y, 

• {ly)~^ is the inverse of 7^, 

• r(7^) = Id and ^(7^) = Id (By. 

The unit space (S° of this groupoid is naturally identified with X by the association x ld(Bx- 
The assignment 

{x, g) ^il^ = g 
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provides a homomorphism of the action groupoid (3 to Iso € and, consequently, a represen- 
tation of (J5 in (B. 

Let the discrete topological space X be provided with the measure such that 



Let 1/^(2, fix) denote the Hilbert space of square yUx-integrable sections (p of the group bundle 
(B ^ X. Then we have a desired representation n of the algebra /C(0,C) in L'^{(B,ij,x) by 
the formula 



The algebra /C(0,C) can be provided with the operator norm ||/|| = ||7r(/)|| with respect 
to this representation. Its completion relative to this norm is the C*-algebra of the action 
groupoid 0. 
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